The order of minimal operator over k which annihilates a G~k is called the height of a. It is easy to see that %k C J& and the height of any a C %k is equal to 1.
If all the solutions of (**) in k are found, then all the hyperexponential solutions of (*) are found as well. The problem of solving in k an equation whose coefficients and the right-hand side belong to k, is called the k-problem. Fast algorithms to solve k-problems are known for some concrete Ore polynomial rings (e.g., such algorithms for linear ordinary differential and (g-) difference equations with rational functions coefficients and right-hand sides have been given in [1, 2, 4] ). They allow us to find hyperexponential solutions of the equation (*) quickly.
We consider in this paper the search for d'Alembertian solutions of an equation of the form (*) with f~.4k (the height of~is r~1). We show that in general case the *Work reported herein was supported in part by the RFBR (Russia) under Grant 95-01-0113Sa. X; u, 6] , and O is a pseudo-linear map K + K of a u, &compatible extension ring K of the field k. Here k is a field of characteristic O, X is an indeterminate over k, u is an aut omorphism of k and 6: k + k is a map satisfying
We will denote by Const(K) the constant subring of K (i.e. the set of all a c K such that a(u) = a, Ja = O) and assume that K is such that Its constant subring is a field. We can consider the ring k [~] It is easy to show that V f = O @ f E Const (K);
q the set 1(f), f G K, which is an analog of the indefinite integral and sum:
If f E K', d~I(f), c. c Corzst(K), then d+co G I(f) and, vice versa, for any dl, dz G I(f)
we have dl -dzC onst(K).
We assume that 1(f) is not empty for any Let k = C(x), o = 1 (the identity authomorphism), 6 = 6' = d/dx.
Then sin x 6 dh, because e ax -e-z"
O = I(e'z, e-ziz, O).
We can define concretely the integrals for sin x:
"'u"e-z''({o+')+o) 'e'xlze-z'" sin x satisfies the completely factorable equation y" + y = O. Let k = C(Z), a = 0 = E (the shift operator), 6 = O. Observe that E is not an authomorphism of a ring of sequences, since it annihilates nonzero sequence of the form (c, 0,0,.. .), c # O. But we can identify any two sequences which agree from some point on. To simplify notation, we will identify a class {u} of equivalent sequences with its representative sequence u. (1) to the homogeneous equation
(P is the minimal annihilating operator for f ). Any solution of equation
(1) satisfies equation (3) and for any solution y of equation (3) we have Ly = f, where P~= O. Let ord L = n and h(~) = r. It is sufficient to find the space A of dimension s s n + r of all d'Alembertian solutions of equation (3) 
The goal of this work is to minimize the search for hyperexponential solutions of homogeneous equations in the process of finding d'Alembertian solution of (l). We will propose some algorithms which have some advantages over the standard method. However using the standard method let us easily prove one important feature of d'Alembertian solutions. Proposition 1 Let f on the right of (1)be of height r. Let Consider the space A constructed by the standard method.
The fact that h(a) is greater then r means that dim A > r. Hence, it is possible to find al, az~A such that al # az and Lal = Laz.
The latter equation means that L(al -az) = O. With the help of dAl we get the desired conclusion.
•1
A possible approach to the construction of d'Alembertian solutions of equation (1) is based on the following fact. Let j E %h. If (1) has a solution in~k, then this solution must be of the form uf, u~k. After the substitution y = u~, where u is a new unknown, and simplifications we get
Thus the question about existence in %h of solutions of the initial equation is reduced to the question about existence in k of solutions of equation (4). This fact was initially stated in [12] for difference equations and was than generalized to the case of an arbitrary Ore ring in [4] . We will call the k-problem the problem of searching in k for solutions of an equation of the form (4). Hence, the search in $% for SOlutions of equation (1) with f~fih is reduced to a k-problem. There exist fast algorithms to solve k-problems for differential, difference and q-difference equations when k is the field of rational functions ([1, 4, 5] 
has a hyperexponential solution.
We will show that the search for some spaces A (and for the maximal A) satisfying (8) can be reduced to k-problems and to the search for hyperexponential solutions of homogeneous equations of order~n. The corresponding algorithms will be given in details.
With additional assumptions about equation (1) or (8) one needs no search for hyperexponential solutions of homogeneous equations (some algorithms of this kind will be described).
Equation (1) is of the main interest to us. We will show further that if (1) has a solution a E Ah then for some d'Alembertian space A equation (8) is satisfied. Therefore solving equation
(1) can be reduced to the task T and to the search in A for an element satisfying (1).
Equations in the class of d'Alembertian spaces
First of all we clarify how to apply the operator L G k[~] to the space A of the form (7) : with the help of (12). u
Observe that in the case where Lyu = O the transformation of (9) into LIP'lV = O, or of (1) Proof:
Due to Proposition 1, h(a) = r. The space A is a solution of equation (6) Corollaries 1-3 are the key results of this section. They give a base for designing algorithms to find solutions of (6) and of (l). 
Let~= head(B).
Reduce the equation Ly = @ to a k-problem.
If the k-problem has no solution, the algorithm stops with the result "no solution". 
Ifl=Othenp=ti@. The last computational formulae let us formulate the following version of the algorithm: Algorithm 2 1. If ord L = O, i.e., L is some q G k, then the result will be~B.
Let @ = head(B).
Reduce the equation Ly = * to a k-problem.
If the k-problem has no solution, the algorithm stops with the result "no solution". This version of the algorithm again does not use the search for hyperexponential solutions of equations of the form (9). Consider the differential case. Let
The equation Lg = em produces the k-problem u" = 1. We take ti=~z2, e1 =1, ez=z. Thus Xl =em, Xz=l, p=l and we get the following solution of equation (6):
i.e., the space eZ(clx2 +C2Z+C3), where C1, C2, C3 are arbitrary constants.
Consider a similar example for the difference case (k= C(z)).
Let L= A2-2A+l, &(j) =~O(i.e., Bisthe field of constants). Then+= l,theequation A2y-2Ay+l = 1 produces the k-problem A2u= 1. We take d= z2/2, e1 = l,e2 = x. It givesxl = 1,x2 = l,p = 2 and we get the solution of equation (6) which is equal to 1~1~1~0, i.etothe space ofallpolynomials of the degree~2.
The following example shows, that in some cases an existing solution of the equation (6) is not found with the help of the considered algorithm. Let in the differential case
Obviously the equation y' = e-" has no solution in ?i( the corresponding k-problem u' -2XU = 1 has no rational solution).
But, if we use the fact that the equation Ly = O has the hyperexponential solution y = 1 then formula (17) gives us the solution of equation (6). If one uses Algorithm 2 the finding of a solution of (6) is guaranteed in the situation when (9) has no solution in %fk. Consider the situation when (1) has a solution a &~k such that h(a) = h(~).
Here L&(a) =~(f) because obviously s(j) C L&(a) and dim L&(a) < dim E(t). Therefore 
Reduce the equation Ly = @ tc) a k-problem.
If It allows us to implement our algorithms more efficiently.
We remark that there is an advanced theory concerning inhomogeneous linear ordinary differential equations ([10] ). But this theory does not consider, for example, diffe~ence and q-difference equations, and is not as elementary as the one proposed in this paper.
5
A remark about the representation of results
The final result of Algorithms 2-4 could be represented as the pair (a, H) where a is a solution of (1) and If is a d'Alembertian space of solutions of (9). Observe that using, for example, Algorithm 2 we get hyperexponential solutions of homogeneous equations when consider different k-problems.
We have to transform all these solutions into solutions of (9) and to construct H. The last corollary can be used repeatedly. 
